
Int. J. Solids Structures, 1970, Vol. 6, pp. 43310451. Pergamon Press. Prinled in Greal Britain

ON THE ASYMPTOTIC INTEGRATION OF THE
THREE-DIMENSIONAL NON-LINEAR EQUATIONS

OF THIN ELASTIC SHELLS AND PLATES

BOHUSLAV NOVOTNY

Institute of Construction and Architecture, Slovak Academy of Sciences,
Bratislava, Czechoslovakia

Abstract-Two-dimensional iterative procedures for the determination of the components of the stress tensor
and of the displacement vector in thin anisotropic shells (plates) are derived from the three-dimensional (geo­
metrically) non-linear equations ofthe elastic continuum theory by means of the method ofasymptotic integration.
The conditions, both for cases when the main system of equations of the iterative process is linear and for cases
when the main system of the zeroth order approximation is non-linear, are given in terms of characteristic
quantities, which characterise geometric and material properties of the shell (plate), and the intensity and the
variability of the surface load. The attention is confined to the interior problem, the discussion of edge effects
is omitted.

INTRODUCTION

THE problem considered in this paper is the derivation of approximate two-dimensional
theories of thin plates and shells starting from the three-dimensional geometrically non­
linear equations of elastic continuum theory, The method of derivation adopted here
is an extension of the method of asymptotic integration used in a series of articles con­
cerning the linear theory of shells and plates (see, e.g. [1---4]),

Recently, Rutten [5] has presented a different asymptotic approach in comparison
with those of [1---4]. Employing the extended Chien's [6] method the two-dimensional
interior shell equations are derived there first, and only then is the usual asymptotic
technique adopted for an analysis of these equations. Various types of edge effects are
also discussed in [5].

From the numerous literature concerned with other methods of reducing three­
dimensional problems to lower-dimensional problems only papers by John [7, 8], Sen­
sening [9], Koiter [10,11] and Habip [12] are mentioned here (survey papers of recent
developments have been published recently by Koiter [13] and Gol'denveizer [14]).

Especially Refs. [7-9] are ofgreat interest. On using standard techniques from the theory
of elliptic partial differential equations the derivation of approximate equations is
accomplished there with certain estimates of errors made in the analysis.

The present paper begins with a restatement of the fundamental equations of the
geometrically non-linear theory of elasticity for thin shells and plates of a homogeneous
anisotropic material, having one plane of elastic symmetry which is parallel to the middle
surface of the shell. These equations may be expressed in a number of alternative forms.
For our purpose it is most convenient to use the non-linear equations in terms ofa reference
state as a basis for further investigation. The same form of the system of non-linear three­
dimensional equations was used by Habip [12] for the derivation of two-dimensional
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non-linear field equations of elastic shell theory in terms of a reference state by means of
the modified Hellinger-Reissner variational theorem. It may be of interest to compare
the derivation and the resulting equations in [12] with those presented in this paper.

The system ofequations given in Section 1 includes coefficients and unknown functions
of different physical nature, and therefore, is not suitable for the order-of-magnitude
analysis. To put these equations in the appropriate form, in Section 2 the non-dimensional
components of stress and displacements are introduced and the equations are transformed
into a new set of non-dimensional variables in which derivatives of the unknown functions
are of the same order of magnitude as the functions themselves. Then, some further simple
rearrangements are made, in consequence of which the non-dimensional coefficients in
the transformed system are of unit magnitude at the maximum. In the non-dimensional
form of the system of equations, the ratios of quantities characterising geometrical and
material properties of the shell as well as qualitative and quantitative properties of an
external load appear, and when considering these ratios as powers of a small parameter,
we finally get the system of equations with the small parameter.

This system of equations is solved in Section 3 by the usual asymptotic procedure:
the unknown functions are assumed to have the form of asymptotic expansions, these are
then substituted into the equations and the coefficients of the equal powers of the small
parameter are then equated. The structure of the obtained iterative process depends on
mutual relations among the ratios of characteristic quantities. The limit is given when the
state of stress and strain in the shell can be determined according to the linear iterative
process.

The non-linear equations of the zeroth order approximation are given in Section 4.
These equations are in complete agreement with those of the classical non-linear theory of
plates and shells.

As the attention in this paper is confined to the so-called interior problem, we are
omitting the discussion of the edge effects.

1. FUNDAMENTAL EQUAnONS

The system of fundamental (geometrically) non-linear three-dimensional equations
of the elastic continuum theory, which will be analysed in this paper, consists of three
equations of static equilibrium (without body forces) and six linear stress-strain relations,
in which the components of the strain tensor are expressed in terms of components of
the displacement vector. The unknown quantities are, therefore, the six independent
components of the stress tensor and the three components of the displacement vector.
As was pointed out in the introduction, it is most convenient to write the basic equations
of a continuum theory in terms of a reference state. The stress state of a shell will then be
defined according to [15] by the symmetric stress tensor sii measured per unit area ofthe
undeformed body, and the components of the displacement vector are referred to the
base vectors of the undeformed body.

Adapting the notation used by [3] the basic equations are

Ti.i = 0, ( ),; = a/a9; (i = 1,2,3). (1.1)

In equation (1.1), T; d9i d9k (i =I j =I k) is the force vector acting on an element of area in
the surface 9; = const, F;ikl are the elastic coefficients of the body and 'Iii is the strain



(1.2)
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tensor. For T i and Yij we have

Ti = .j(g)s'jGj = .j(g)tijgj' g = detgij ,

Yij = !<gi' V,j+gj' V,i+ V,i' V),

where V is a displacement vector, gi and gij are the base vectors and the metric tensor of
the undeformed body respectively, and G, are the base vectors of the deformed body. The
fundamental equations (1.1) and (1.2) are written in the system of curvilinear convected
coordinates 9 i (which deform continuously with the body). In the following, we identify
the general convected coordinate system 9 i with a set of normal convected coordinates
in which the points of a shell are defined by the position vector

h 3 h-- < 9 < ~
2 - - 2' (ex = 1,2) (1.3)

where r is the position vector of points of the middle surface of the shell, a 3 is a unit normal
to the middle surface and h is the constant thickness of the shell. The base vectors and
the metric tensor associated with the coordinate system 9' in the middle surface, the curva­
ture tensor and the Gaussian curvature of the shell middle surface are denoted by a.,
a.p, b.p and K respectively.
From (1.3) there follows

g. = R.• = JL:al'

g.p = g•. gp = JL:JLpalx ,

JL = det JLp = 1-93b1 +(93
)2K, K = det bp.

(1.4)

The displacement vector V can be expressed in alternative forms as

and its derivatives with respect to 9 i are

(1.5)

(1.6)

where V. denotes the covariant differentiation with respect to 9' using the metric tensor
of the undeformed body.

As we restrict our attention only to shells of homogeneous anisotropic material having
one plane of elastic symmetry, which is perpendicular to the normal to the middle surface,
the number of non-zero coefficients Fijkl in (1.1) will be 13 (coefficients of the type F. 333 ,
F.py3 vanish). All non-zero elastic coefficients are shifted parallel to the middle surface
(using JLp as a shifter according to [16]) and the shifted coefficients are developed into Taylor
series in the variable 9 3

. In this way we obtain relations

F - l Il ro v " (93)'FIll.pyx - JLaJLpJLyJLx L. l4Irov'
1=0

F - l C1 " (9 3 )'FIl l.3133 - JL.JLp L. BC13'
1=0

F - l e " (9 3 )' nilap33 - JLaJLp L. r;'e33'
1=0

(1.7)
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Temporarily using the notation

where from (1.2)
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(1.8)

(1.9)

we can directly write down equilibrium equations by using the derivation from Ref. [3]

(1.10)

If we substitute (1.9) in (1.10) using the expressions (see [15, 16])

and

vXl p = (Jl- l))JVpu" - b~w), V~13 = (Jl- 1)1U~3'

v31~ = V~w+b~"u", v313 = W,3, ((Jl-l)pJl~ = ()~)

(1.11)

(1.12)

where the vertical line denotes the covariant derivative with respect to the coordinates 9;
in the undeformed body, and if we substitute (1.6)and (1.7) into the second equation in (1.1),
then we can write the basic system of equations for the determination of the state of stress
and strain in the shell in the form.

V~[qaY(Jl~ + VyuP-b~W)+~3U~3] -b~[qaY(Vyw+bYAu")+qa3(1 +W,3)]

+[qY3(/l~+VyuP-b~w)+q33U~3b = 0, (1.13)

Vx[q<XY(VyW + by"u") +q~3(1 + W,3)] + b~fJ[q<XY(Jl~ + VyU fJ - b~w)+ q~3U~3]

+ [q3 Y(V yW+ by"u") + (133(1 + W.3»),3 = 0,

tJl[(Jl~V /l +Jl;V<X)u" (Jl~b"p+ Jlab,,~)w+(V~U,1. - bx"w)(VfJu" - biw)+(V~w+ b~u,1.)

x(VfJw+bpuv)] = Jl~JlJJl~Jl~ L (93)1~~~vO'Y"+Jl~JlJ L (93)'F~~330'33,
1=0 1=0

tJl(Jl~U;.,3+V"W+b~UA+ (Vau;. -ba,1.W)U~3 +(Vaw+b~U;,)W,3]

= 2Jl~J L (93)'pl~4'3qP3,
1=0

Jl[W,3+t«W.3)2+ua.3U~3)]= F3333q33+Jl;JlJ L (83)IFY~,1.lIqafJ,
1=0

where

(1.14)

The solution of this system of equations should, furthermore, satisfy the following
boundary conditions on the deformed faces of the shell

(1.1 5)
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where Oni are the components ofthe unit normal 00 to the faces ofthe shell in its undeformed
state

(1.16)

(1.18)

and the components of the external load vector P in (1.15), are measured per unit area of
the middle surface of the undeformed body. As

Oni= ±<5r (1.17)

on the faces 93 = ±ih, the surface conditions become

i3 i·[0" hh -th = P _ = flJQ'_,

where pi+, pi_ are components of the external load vector P acting on faces 93 = ih,
93 = -ih respectively,

P = P~Gi

P = -P~Gi

93 = ih,
93 = -th,

(1.19)

and the quantity q> in (1.18) is chosen in such a manner that

max(Q3+, Q3_) ~ 1. (1.20)

Generally, the edge conditions should also be taken into account when choosing q> but
the former are left out from our consideration since only the interior shell problem is
investigated here.

In section 3 some order-of-magnitude restrictions on the ratios Qa/Q3 will be given.

2. CHARACTERISTIC QUANTITIES. NON-DIMENSIONAL FORM OF THE
FUNDAMENTAL EQUATIONS

The system of basic equations (1.13) with surface conditions (1.18) will be now treated
by the method of asymptotic integration. At first, the system (1.13) is rewritten in non­
dimensional form. On account of this arrangement the ratios of various quantities charac­
terising the geometrical and material properties of a shell, and the quantitative and quali­
tative properties of the external load (which is assumed to be sufficiently smooth) appear
explicitly in the transformed system of equations. Taking these ratios as powers of the
small parameter we have to solve a system of equations with small parameter, which we
treat by the usual asymptotic procedure.

We begin with an analysis of geometrical properties of the shell. In this analysis we
use normal coordinates satisfying

(2.1 )

The position of the point of the shell is determined by values of coordinates 9 i
, which

without loss of generality may be assumed to range over intervals

h 3 h-- < 9 <-2 - - 2' (2.2)
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and further we consider only the case, when
f31 ~ f32, (2,3)

Geometrical properties of the shell can be characterised by quantities h, f3 and R, where h
is the constant thickness of the shell, p is the characteristic diameter of the region of the
space which is occupied by the shell (f3 ~ f3a) and R is the "generalised" characteristic
radius of curvature of the shell middle surface satisfying relations (see also F. John [7J)

(2,4)

The material property of the considered shell is characterised by the quantity E from

(l = 0, 1,2, ...), (2.5)

where E is defined by the requirement, that the following relations are satisfied

GIll '" 1(irs""' , (2.6)

The quantitative characteristic of the external load is quantity f!l> from (1.18). Finally,
we introduce quantity L~the smallest "wave" length of the deformation and stress pattern
on the middle surface, defined by (see Koiter [10])

(2,7)

where Of.! stands for arbitrary unknown quantity from (1.13) and ds is any arc element on
the middle surface.

For our purposes we shall use (2.7) in the alternative form

(2.8)

Our problem is thus characterised by the "length" quantities h, P, R, L and by "force­
per-unit-area" quantities E and f!l>. Except for the quantity L, all other characteristic
quantities can be determined directly from their definition. Since for a thin shell we assume
that the pattern of components of the stress resembles that of their prescribed values on
the faces of the shell, we shall determine quantity L from

(2.9)

where [P] stands for an arbitrary component of the external load, and L is, therefore, a
qualitative characteristic of the external load. Now we put

~ = tI- q , f~ _ tiP t _tI-P' E = tiP, (2.10)
2f3 '/ L - 'f , R - '/ , f!l> '/

where '1 is chosen in such a manner that q, p, p+ ,p are integers (with q > 0). The quantity
'1- 1 will be the small parameter in system (1.13) after its transformation into new co­
ordinates, as will be shown .later on, and we shall then treat this system for '1- 1 - o.

Proceeding further, we introduce non-dimensional forms for the components aij, Ua , W

W=pw (2.11 )



(2.12)
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and we also perform a transformation of coordinates 9 i into a set of new non-dimensional
variables Xi

X'" = L -19"', x3 = ~93.

In coordinates X'" we have instead of (2.8) the relation

V:Ult ::::: Ult (2.13)

where V: is the symbol ofcovariant differentiation with respect to coordinates x"'(V: = LV,),
and Ult stands for U" W, SU. Performing the above described transformations, taking
(2.10) into consideration, and using the notation

~ - -q+
2R - 1] , (2.14)

we write (1.13) in the following form:

ryPV:[S'Y(e5~-I] - q+x 3Rb~ +1]PV: uP -I] 1'+ Rb~W)

+ I]q S"'\73 UP) - '1 -( q+ + P+)x3R2(V",b~)S'y -1] - 21'+ R2(V",b~)S"'YW

ry 1'+ Rb~[S"'Y(1]PVjW +'1-1'+ Rby.P")+S,3(I +1]q03W») +ryq03[SY3(e5~

ry q+x3Rb~+1]PVjUP_1]-P+ Rb~W)+l]qS3303UP) = 0,

1]PV:[S"'Y(1]PV~ W+ 1]- 1'+ Rby;.U")+ S'3(I + ryq03 W)J +1]- 21'+ R2(V",by;.)S"'YU"

+1]-1'+ Rb",p[S"'Y(e5~ -IJ- q+x3R~ +IJPV:UP -'1- 1'+ Rb~W)+1]qS"'303UP)

+1]q03[S3Y(l]pV:W+'1-1'+ Rby;.U")+S33{1 +1]q03W») = 0,
2

tIJI'L ( l)i(x 3)i1]-jq+Rj{Io){1]p(V:Up+ V'J U",)-2IJ- P+Rb",pW
j=O

-ry-q +x3[IJPR(b~V'J +b~V:)U;. 1] 1'+ R2(b~b"p+b~b",)W)+(1]PV:U;.

1] 1'+ RbdW){1]pV'JU"-IJ-P+ Rb~W)+(f/PV:W+IJ-P+Rb~U,,){f/PV'JW+IJ-P+RbpUv)}
4

L: (-lY(x3)i+I1]-(j+l)q+ Rj{I4)~~~:G~!.rovSYX
1=0

2

+ L: L: (-I)j(x3)i+l1]-(j+I)q+ Rj(I .j"eG[IJ S33
j=OI=O 2}",p Aq33 ,

2.

t1]1' L: (-1)i(x3)iIJ- jq+ Rj{Ioj){ IJQo3U", +1]PV:W+1]-1'+ Rb~(UA - X 303U A)
j=O

+ 1]q0 3U"(f/pV:UA-1]- 1'+ Rb",,,W)+IJq03W(I]PV:W+'1- 1'+Rb~V A)}
2

= 2 L L (-I)j(x3)i+I1]-(j+l)q+ Rj(l2j)~~G~1e3SP3,
j=O 1=0

2'
1]1' L: ( I)i(x3)i1]- jq+ Rj{Io) {1]qo3W+t1]2q[(03 W)2 +(03 U",)03 U j}

j=O

2

L: L (-I)i(x3)i+'1]-U+ 1)q+ Rj(I2)~~Gg1).eS"'P+G3333S33,
j=O 1=0

(2.15)
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(loz) = K.
(2.16)

In the sum from (2.16), the summed up terms are of the same pattern for the band b factors,
differing from each other only by the combination of couples of subscripts and super­
scripts. Hence, the number of the summed terms is equal to the number of combination
of i things (i - j) at a time.
Let it be illustrated by the following example

(l4Z)~~~: = b~b~b~b: + b~b~b~b; + b~b:b~b~

+ b~b~b~b: +b~b:b~b~+ b~b:b~b~.

Furthermore, we must keep in mind that when arranging the notation of (2.15) into the
possibly most compact form we had to prescribe the following property to the operation V:

(2.17)

When applying the foregoing asymptotic procedure to the surface conditions (1.18) we
obtain

[Si3Jx3; 1 = Qi+,

[Si3Jx 3 ; -1 = Qi_.
(2.18)

3. METHOD OF SOLUTION AND RESULTING FORM OF ITERATIVE
PROCESSES

The solution of the system of equations (2.15) subject to the surface conditions (2.18)
is assumed to have the form

W = 1/'3 L 1/- s W[S),

s;o
Sij = r('j L 1/-sS1~),

s;o

Va = 1/'. L 1/- sV1S
),

s; 0
s = tla, t = 0, 1,2, ... ,

(3.1 )

where a is a constant given in (3.7).
The components of the external load are also expanded into asymptotic series

Qi _ ,.,'0 " ,.,-sQi Qi _ ,.,'0 " ,.,-sQi (3.2)+ - '/ L... '/ [s)+' -- '/ L... '/ [s)-'
s;o s;o

In what follows only the surface load satisfying

Qa ~ 1/""Q3, X a ::::;; ra3 -r33, (3.3)

will be considered.
Notice that from (1.20), (3.2) and (3.3) we have

Qis)+ = Qis)- == 0 if s < ra3 -Xa (r33 = 0). (3.4)

The iterative procedure for successive determination of the coefficients of the asymptotic
expansions (3.1) can now be obtained by the usual procedure of the asymptotic methods:
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expressions (3.1) and (3.2) are substituted into (2.15) and (2.18) and the coefficients of
powers of the small parameter 11- 1 are then equated in the system of equations obtained
in this way.

In order to obtain a non-contradictory iterative process the set of exponents r from
(3.1) must be adequately chosen in dependence on mutual relations existing among ex­
ponents q, p, p+ and the exponent p must also satisfy an additional restricting inequality.

We have to consider separately three different cases, defined by the respective in-
equalities

(A): p+ < q-2p, p 2 q+ +2p+ +2p (and simultaneously p > q+);

(B): p+ 2 q-2p, p 24(q-p); (3.5)

(C): q-p ~ p < min[q+ +2p+ +2p,4(q-p)]

The corresponding non-contradictory sets of exponents rare

(A): r33 =0, r"3=p+p+, r"p=q+, r,,=q+-p-p, r3=q++p+-p;

(B): r33 = 0, r,,3 = q-p, r"p = 2(q-p), ret = 2q-3p-p, r3 = 3q-4p-p;

(C): r33 = 0, r,,3 = j(p-q+p), r"p = j(2q-2p+p), ret = j(2q-5p-2p),

r3 = 1(q-4p-p); (3.6)

and the constant a from (3.1) takes the respective values

a = 3 in case (C).

On using (3.6) and (3.7) and performing the above procedure of asymptotic integration
we obtain the iterative process for the determination of the unknown quantities [of coeffi­
cients of(3.1)]. The iterative process still has a three-dimensional form, it includes derivatives
of unknown quantities with respect to x 3 and powers of x 3 itself as coefficients.
The elimination of the independent variable x3 may be performed by writing

a = 1 in cases (A), (B);
(3.7)

Sii
[s]

Aij

" ( 3)"SijL. x [s,,,]'
,,=0

.<'"
U~] = L (X3)"U~'''1,

,,=0

'<3
W[s] = L (x 3)"W[S,,,]

,,=0
(3.8)

substituting (3.8) into equations of iterative process and by equating the coefficients of
powers of x 3 (which procedure is equivalent to the integration with respect to x 3

). The
detailed analysis of the system (2.15) shows that the presented procedure of the derivation
of a two-dimensional iterative process can be successfully applied when the exponent p
satisfies the second inequalities from (3.5). In that way we obtain only one physically
admissible two-dimensional iterative process since for p 2 2q+ in case (A) and p > 4(q - p)
in case (B) the three-dimensional form of the iterative process is linear in x 3 and for
other possible cases from (3.5) the non-linear in x 3 approximation to the last equation
from (2.15)

(a3 W(S)2 = 0 if s < s*,

a
3
W[s*)+t<a

3
W[s*])2 = 0,

s* = 2q+-p

s* = 0

s* = j(4q-4p-p)

(A),

(B),

(C),

(3.9)
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has only one physically meaningful solution

s ::; S*. (3.10)

At this point, it is convenient to transform the resulting equations of the iterative
process to the coordinates 9~ by performing inverse transformation to (2.12.1). Further, we
turn back to the dimensional form of the components of stress and displacement aU u w
and instead of (3.1), (3.2) we introduce the following expansions for the unkno~ c~m~
ponents aii, u~, wand for the components pi of the external load

Aij

aU = L L (x 3 )"al{nj'
s~On~O

),3

W = L L (X3)nW [s,n l,
s~ 0 n~ 0

),~

u~ = L L (X3)"U~s,nl,
,,~On~O

pi = L P~SI;
s~O

(3.11)

uls,nl = p.,r.-su[s,nl
IX " IX'

pi = 9.,ri3-"Qi )
[sl ., ["I

In consequence of these rearrangements, the characteristic quantities p, R, L, 9, E, the
choice of which is arbitrary to some extent, are eliminated from the resulting form of
the iterative process used for the determination of the coefficients of expansions (3.11).

After introducing the notation

a n

L L x[xA. yBJ, = L L XXAli,II' yB[k,ml'
i+k I+m i+k~a, I+m=n

a n

L L x[(l + l)xA . yBJt = L L xU + l)xA1i,l+ 1)' yB1k,ml'
i+k l+m i+k~at I+m=n
a n

L L x[(m+l)xA,yBJt = L L x(m+l)xAli,lj·yBlk.m+ll'
i+k I+m i+k~a, l+m~n

a n

L L x[(l+l)(m+l)xA.yBJt= L L x(l+l)(m+1)xA1i,1+1j·yB[k,m+ll'
i+k 1+", i+k=a,I+",=n
a n

L L x[(m+ l)(m+2)xA. yBJt = L L x(m+ l)(m +2)xA li•IJ . yB1k,m+21'
i+k l+m i+k~at l+m=n

(3.12)

(where x is an arbitrary coefficient, x and y represent operators V" or arbitrary coefficients,
A and B represent any quantities from among aii, u", w; i, k, I, m, t take values 0, 1, 2, ... ,
and in the brackets the usual rules for arithmetic operations and for differentiation are
preserved) we are in position to present a compact form of the relations for successive
determination of the coefficients of the expansions (3.11)
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1 P3
• a[s,n] - 2:{vlla£!"n-IJ-~ [~Vllu[J2,n-2]+(Vllb~)U£J3,n-2J]

a n-l {
(n+l)b~a[:',n-1]+ L L [Vll(a·Y.VyUP)]5-b~[viallY'W)]6

i+k l+m

2
+h[(m + 1)V.(a·3 . uP)h - (V.b~)[a·Y . wJs - b~[a'Y . VyW]g - b~bYA[a'y . UA]10

2 2
-hb![(l+ 1)a·3 . w+2(m+ 1)a·3 . W]ll +h[(l+ 1)all3. V.up

+(m+ 1)a'3 . V,uP]12 + (~) [(l + l)(m+ l)u33 . uP +(m+ 1)(m+ 2)a33 . UP]13}} ;
(n = 1.2•... •A.. 3 ) (3.13)

al = s+p-q+r.p- r.3'

a2=al-q+.

a3 = a2-p-p+.

a4 = s-q+.

as = :,+2p-q+r.p+r,,-r.3,

a6 = s+p-q+ +r"p+r3-r.3,

a7 = s+p+r",

as = s-q+ -p+ +r.p+r3 -r.3,

ag = as+p+p+,

+ +alO = s-q -p +r.p+rll-r.3.

all = s-p+ +r3,

+ ±nil {[v,,(allY. VyW)]4+ bllp[(Vp'Y). uP + 2a"Y . VyuP]s
i+k l+m

2+(VllbyA)[allY . U).]6 +h[(l+ 1)aY3 . Vyw+(m+ 1)(VyaY3). W

+ 2(m+ 1)aY3 . Vywh -b"pb~[a'y . wJs +~b"p[(l + 1)a"3 . uP + 2(m+ l)u"3 . uP]g

+(~)\(l+1)(m+l)a33.w+(m+1)(m+2)a33.wJl0}}' (n 1,2..... Ad;

bl = s+p-q+r"3- r33'

b2 = s-q+ +r"p-r33.

b3 = b2 -q+.

b4 = s+2p-q+r"p+ r3-r33 •

bs = s+p-q+ +r"p+r;.-r33 ,

b7 = s+p+r,,3+ r3- r33'

bs = s-q+ -p+ +r"p+r3- r33,

bg = s-p+ +r"3+r,,-r33'

blo = s+q+r3;
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3. (J~P = H~PY"R[s. n] (n 0 1 J)(s.n] y" = , , ... ,"~p,

H~Py"FLO) = 1 «j~(jP + "'~ s:.P)
Y""/i 2 "" (1"(1,,,

H~PY" = HP~Y" = H~P"Y = Hymp,

R(s.n) = ~ ~ (-l\i(~)j(I .) tv U(cI.n-jJ+v U(cl.n-j]_2b W(C2.n"-j)
~p 2 .L. I 2 OJ ~ P P ~ ~P

J""O

-~(b"V +bAV )U[C3.n-j-ll+~(b"b +b"b, )w[c4.n-j-l]l
2 aP pa" 2 a "P pAa J

-.L .± (-!Y{Xij} (-2
h

) i+ j(I4j):~~:F~Jrov(Ji:;.n-i-j) -
1""0 J""O

2 ( ) i+ j"" . h ,,(i] 33-.L. .L. (-ly 2- (I2Aa~F"1!33(J(C6.n-i-j]
.""0 J""O

+~ ±(-lyJ~)j(IO){t n}; ([V~w. Vpwh+[v~u". Vpu"]g
j""O \2 Hk l+m

-[(b"~Vp+b;,pVa)u),,w u),. (b:Vp+b;V~)W]9

+b"ab~[w. W]lO +b:bp[u;.. U.]ll}} ,

where {XOO} 0, {Xu} = 1 if simultaneously i i= O,j i= 0,

Cl = s+p+p-jq+ +ra-raP' C7 s+2p+p-jq+ +2r3 -raP'

C2 = s-p+ +p-jq+ +r3 -raP' Cs s+2p+p-jq+ +2r~-r~p,

C3 = Cl -q+, C9 = s+p-p+ +p-jq+ +r3 +r~ rap,

Cs = S (i+j)q+,

C6 = s-(i+j)q+ +r3 3 -raP'

CIO = s-2p+ +p-jq+ +2r3-r~p,

C 11 s - 2p + +P - jq + +2r~ - r~p ;

d2 = s-q+p-jq+ +r3-r~,

d3 = d1 -q+,

d4 = s-q-p-(i+j)q++r~3-r~,

ds = s+p-jq+ +r~,

d6 = s-p+ -jq+ +r3'

d7 = s+p-jq+ +2r3-r~;
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(n = 1,2, ... , A3 ),

el s-q-(i+j)q+ -p+r"ll-r3' e4 = s+q-jq+ +r3,

es = s+q-jq+ +2r,,-r3;

It is to be noted that in (3.13)

u ij = wls•n) = u(s,n) = 0 if s < 0,' n < 0 or n > J
Is.n] " - ""

(3.14)

and that the symbol {Xj} in relations 4,5 of (3.13) has the following meaning

{Xo} = 0, {Xj} = 1 if j"l= O. (3.15)

Further, the exponent A3 in relation 5 of (3.13) should be taken as zero if s < s*, s* being
given in (3.9). From the examination of (3.13) it is obvious that, provided the quantities
u~s,O), wls,O), 0'/;'0] are known, all the other coefficients of expansions (3.11) with index s
can be determined directly from (3.13) using only arithmetic operations and differentiation.
The basic unknown quantities U~,O), wlS.oJ, 0'/;'0] can be determined from six surface con­
ditions (2.18), which after performing the asymptotic procedure acquire the form

[

AO ]3 n i3 _ i
n~o (x ) U[s,n) ",3= 1 - PIS] + ,

[

AO ]3 n i3 _ i
n~o (x ) U[s,n) ",3= 1 - p(s)_'

(3.16)

Taking the differences of these expressions, we obtain three equations from which
quantities 0'/;'0] have explicitly disappeared

<Ao/2)
"i3 _ 1 i i
f..., U{s.2n+l] - !(p(S]+ -p(S]-),

n=O
(3.17)

where 0> represents the integer part of number .t When considering cases (A) and (C)
from (3.5) we substitute (3.13) into (3.17) and obtain three equations with three unknown
functions u~S,O], wls,O), Case (A) includes shells loaded by a moderately varying surface
load, as it can be established from (2.10) and (3.5), the variability of the surface load being
characterized by quantity L from (2.9). Case (C) comprises flat and very shallow mem­
branes (precisely speaking, it includes plates and (very shallow) shells the stresses and
displacements of which should be determined in the lowest-order approximation from
the equations of non-linear theory of flat membranes).
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(3.18)

In case (B) the simple rearrangement of (3.17) has to be made to remove (ft.: 1J' since
this term is dependent on the basic unknown quantities l1[s:O] [see equation (3.13.2)]. To
do this (3.13.2) is written in the following form

33 _ h (V a3 R33 )
l1[s,n] - - 2n a(f[s,n - I] + Is,n]'

The expression for Rr.:n) can be easily found by comparison of (3,18) and (3.13.2). Making
use of (3.18) and of the surface condition (3.16) with i = 1,2, we obtain the following
system of equations

().~3/2>

L l1[s:2n+l) = i(P[S)+ -P[S)-),
n;O

(3.19)
()'33/2) 1[ h ] h ().33/2)

n~o nl1r.:2n+l) = -4 pr.)+-Pr.)-+2Va(P[s)-+PI~)+) -4 nf:
o

Rr.~2n+I]'

The expressions for 11!{,n) from (3.13) are now substituted into (3.19) and system (3.19)
assumes the resulting form with u~,O] and wls,O) as the unknown functions that are to be
determined.

Case (B) includes plates (R = 00 and then p+ > c, where c is an arbitrary constant),
shallow shells [owing to relatively great value of R because the "shallowness" of the shell
is indicated by exponent p + from (2.10)] and shells loaded by quickly varying surface
load (on account of a relatively small value of L).

The resulting system of equations (3.17) or (3.19) will be called the main system of
iterative process. This is linear provided

p > q+ +2p+ +2p,

p>4(q-p).

(A)

(B)
(3.20)

The non-linear main system of equations is derived for U~O,O), wIO,O), if

p = q+ +2p+ +2p

p=4(q-p),

(p+p+ > 0), (A)

(B)
(3.21)

(3.22)3.

and also when (C) is the case in question.
If the exponent p does not satisfy the conditions of (3.5), the state of stress and strain

in the shell cannot be determined by the asymptotic method presented here.
The relations (3.5) according to which we establish a type of iterative process to be

used in the given case, can also be expressed in terms of the characteristic quantities

p+ < q - 2p +-+ hR ~ L 2
, (A): 1.

hL2

p > q+ +2p+ +2p+-+& ~ E-, 2.
R3

hL2

P = q + + 2p + + 2p; p + p+ > 0 +-+ & ~ E-3 ; R ~ L;
R

p+ = q - 2p +-+ hR ~ L 2
,

P+ > q - 2p +-+ hR ~ L 2
,

(B): 4.

5.
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p > 4(q-p),..... flJ' ~ E(~) 4,

P = 4(q-p)"""flJ' ~ E(~r;

max[E(~r E( h~32) ] ~ flJ' ~ E~.

6. (3.22 contd.)

7.

(C): 8.

At the end of this section, it is convenient to recapitulate briefly the results of the foregoing
investigation. The solution of the basic system of equations (1.13) subject to the surface
conditions (1.18) is assumed to have the form of expansions (3.11), the coefficients of
which can be determined from (3.13) and (3.16), provided u~,Oj and w[s,Oj are found from
the main system of equations of the iterative process (3.17) [or (3.19) in case (B)]. The main
system is linear in cases (A) and (B) if conditions 2 and 6 of (3.22) are satisfied, respectively.
The main system of the zeroth order approximation consists of non-linear equations if
condition 3 is case (A), 7 in case (B) and 8 in case (C) are fulfilled in (3.22).

4. ZEROTH ORDER APPROXIMATION

In this section we present the zeroth order approximation for the case (B) from (3.5)
[by introduction of the additional symbol {i}, the resulting system of equations will be
written in such a form that also cases (A) and (C) will be included]. The case (B) includes
plates, shallow shells and shells loaded by a quickly varying surface load as it was shown
in the preceding section. It is anticipated that the zeroth order approximation in this case
will be in good agreement with the classical non-linear theory of plates and that of (quasi)
shallow shells (as the shells loaded by quickly varying load, which are not included within
the scope of classical non-linear theory, satisfy the assumptions of Koiter's theory of
quasi-shallow shells [11], the formal comparison between the equations of the zeroth
order approximation and those of [11] can be made). The relations (3.13) for s = 0 now
take the form

1 cd _ ht'7 a.P
· O'IO,nj - - 2n v PO'lO,n-lj (n = 1,2);

2 33
• O'[O,nj (n=I,2,3);

(4.1)

4 UIO,lj = _ {t') ~t'7 wlO,Oj
• a. J2 va. ,
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where in case (A)

{i} = 0, {k} = 1,

BoHUSLAV NOVOTNY

{I} = 0

{I} = 1

if p > q+ +2p+ +2p

if p = q+ +2p+ +2p, p+p+ > 0

(4.2)

in case (B)

{i} = 1,

{k} = 1 if p+ = q-2p (hR ~ V),

{k} = 0 if p+ > q-2p (hR ~ V),

{I} = 0 if p > 4{q-p) (,~ ~ E(~r),

{I} = 1 if p = 4(q-p) (9 ~ E(~r) ;
and in case (C)

(4.3)

{i} = {k} = 0,

As in the considered case we have

{I} = 1. (4.4)

(4.5)

the equations of the main system (3.19) become

where

(4.6)

(4.7)

To express (4.1) and (4.6) in a form suitable for the comparison with the equations of
classical theory, we introduce the following notation

(4.8)

Then equations (4.6) read

(4.9)
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and to complete the system of the main equations we have to rewrite (4.1.3) (using (4.8))

nrc) = hHaPY"(VyU~O,OL {k}by"w[O,OJ +!{l}Vyw[O,OJ . V"w[O,OJ),

h3

mig) = -{i} 12H"PY"VyV"wIO,O) (q[g) = vpmig)),
(4.10)

If we now substitute (4.10) into (4.9) we obtain three equations for three unknown quan­
tities u~O,O], wro,oJ. In performing this manipulation we have to keep in mind that from (2.4)

there follows

V (b F[S)) = (V b )F[s-P-P+)+b V F[sJ,a py .. a py .. pya ..

The resulting equations in the terms of the displacements now read

hHaPy"(V V u[O,OJ - {k}b V wIO,OJ - {m} (V b )w[O,O)
P y " y" p p y"

[
h2

hHaPy" {i}-V V V V wIO,OL({k}b + {1}V V w[O,O])(V uIO,O]12 a P y " ap a p y "

(4.11)

(4.12)

({m} = 1 if p+p+ = 0, {m} = 0 if p+p+ > 0).

On account of (2.4) and of the relation

we can write

(4.13)

where M(aaP' bap) is a polynomial in arguments aap, bap and their associated tensors (F may
be an arbitrary tensor). We are now in position to put equations (4.9) and (4.10) in the
usual form of the classical theory of shallow shells. The general solution of (4.9.1) may be
given in terms of an AIRY stress function <1>[0)

ap _ Nap + a" PIIV V m
nCO) - [0) B B "II'V[O] (4.14)

where Nit) denote an arbitrary particular solution of (4.9.1).
After substituting (4.14) into (4.9.2) and after performing operations rf"e!JIIV"V in the

relations II

2
_F[O) nYX = V u[O,O)+V uI0 •01 -2{k}b w[O,O)+{I}V w[O,OIV w[O,O)h ",pyx [01 '" P P '" ",p a p (4.15)
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which are inverse to (4.10.1), we obtain two equations for the unknown quantities <I>roJ
and wlO,Oj (if p+p+ > 0):

~eaAePflerve"(J)F[Oj V V V V <I> +eaAePfl({k}bh aPr" A fl v (J) [0) ap

(4,16)

h
- {l}N[C)VaVpw[O,O) Pfoj+ - Pfo)- +{i}:2Va(p[O)- +p[Oj+)+ {k}bapN[t) ,

Considering the case that

(4,17)

in (1.18), we have from (3.4)

(4,18)

and the resulting form of the system of main equations [(4.12) or (4,16)J is then simplified
[in (4,16) NrCj == 0].

Finally, we remark that not only the right sides, but also the structure of the system of
main equations for the higher order approximations differs from that of the zeroth order
approximation, In the higher order approximations, the non-linear terms (e.g. of the
type aIC,oj' w[O,OI) occurring in the zeroth order approximation are replaced by the linear
terms (of the type a['!.Ojw[O,OI+a['C,OjWls,OI). From this it follows that the system of main
equations for the higher order approximations is linear,

In addition we wish to note that by taking

ra =2q-3p p,

instead of (3.6.A) we obtain the iterative process corresponding to the inextensional theory
of shells (case (A) corresponds to the classical membrane theory of shells).
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A6cTpaKT-MeTonOM aCllMnTOTlI'IecKoro lIHTerpl1pOBaHlISI TpeXMepHblX (reoMeTpll'leCKlI) HenHHeIDIbIX
ypaBHeHlIH ynpyroH cpenbI nOCTpoeHbI nByMepHble lITepaUI10HHble npoueccbI nJlSl onpeAeneHHSI COCTaB­
nSlJOUlllX TeH30pa HanpSllKeHI1S1 1I BeKTopa CMeUleHI1S1 B TOHKHX aHH30TporrHbIX 060nO'IKaX (rrnacTHHKax).
YcnoBlISI, KorAa rJlaBHaSl ClICTeMa ypaBHeHI1H lITepaUHOHHoro npouecca nllHeHHa lInH KorAa rnaBHaSl
ClICTeMa HyneBoro np1l6JllllKeHI1S1 HeJlI1HeHHa, BblpalKeHbl 'Iepe3 xapaKTepllCTlI'ICCKHe BeJlH'IHHbl, KOTopble
xapaKTepH3ylOT reOMeTpl1'1eCKlIe 11 MaTepl1aJlbHble CBOHCTBa 060JlO'lKlI (nJlaCTlIHKH), HHTeHCHBHOCTb H
H3MeHSleMOCTb rrOBepXHOCTHOH Harpy1KI1. BHI1MaHHe yneJl;(eTCSI TOJlbKO "BHYTpeHHeH" 3ana'le-He
paCCMaTpHBaJOTCSI KpaeBble 3<p<peKTbI.


